We construct geons starting with gravitational perturbations of the AdS soliton. Previous studies of a charged scalar field in the soliton background showed a holographic insulator/superconductor transition at a critical chemical potential. We explore the possibility that dimensional reduction of the geon could model a transition to a d-wave superconductor. We find that although one does get a charged spin-2 condensate, it has higher free energy than the state without the condensate, so there is no phase transition.
Introduction
A geon is a classical solution to the vacuum Einstein equations representing a localized and nondispersing lump of gravitational energy held together by its own gravitational attraction. Geons were originally conjectured to exist by Wheeler, and the first serious attempt to construct them was made by Brill and Hartle [1] . Their geon, however, has only a finite lifetime; at late times the gravitational waves comprising the geon will break free and disperse. This is a common feature of asymptotically flat geons [2] . The tendency of geons to disperse can be remedied with a negative cosmological constant, as anti-de Sitter (AdS) space acts like a confining box. Perturbative geons in global AdS in four dimensions have been recently constructed in [3] . This provides strong evidence that associated with every individual linearized graviton mode in global AdS, there is a one parameter family of exact nonsingular geons 1 . One should be able to construct geons starting with gravitational perturbations of any locally asymptotically AdS ground state. In particular, one can start with the AdS soliton [5, 6] , which has seen several applications in gauge/gravity duality. It was originally introduced to describe the ground state of a confining gauge theory [5] , but in more recent condensed matter applications it has been used to construct the gravitational dual of an insulator/superconductor quantum phase transition [7, 8] . In this note we perturbatively construct a class of geons starting with the fivedimensional AdS soliton.
Although the geons we find are interesting in their own right, perhaps the most intriguing aspect of these solutions is the potential connection with a d-wave superconductor. The possibility of obtaining a gravitational dual of a d-wave superconductor is exciting because this is what is seen in the high-T c cuprates. While the original holographic superconductor exhibited an s-wave order parameter [9] , and later a model with a p-wave order parameter was constructed in [10] , the d-wave case remains elusive. The major obstacle to building a d-wave superconductor is that there is no known consistent action for a charged, massive, spin-2 field minimally coupled to gravity. Various authors [11, 12] have worked with incomplete actions and found d-wave superconducting condensates, but as of yet no consistent holographic model has been found.
An alternative approach towards constructing a d-wave holographic superconductor is to study metric perturbations in Kaluza-Klein theory. Upon dimensional reduction, gravitons carrying momentum along a compact direction become charged under a gauge group that corresponds to the isometry group of the internal manifold. Kaluza-Klein gravity therefore provides a natural framework to find a consistent theory of charged spin-2 fields coupled to gravity. We will explore the feasibility of this approach using the geons we construct 2 . The AdS soliton is a particularly interesting background to consider because in addition to the U (1) gauge field coming from the dimensional reduction along its S 1 , the linearized metric perturbations may be decomposed into scalar, vector, and tensor types, corresponding to s, p, and d-wave excitations in the boundary theory. The Kaluza-Klein approach applied to the AdS soliton thus provides the exciting possibility of being able to describe a range of qualitatively different superconductors using just pure gravity. Unfortunately, we find that d-wave superconductors are not described by the perturbative geons we construct because the condensates are never thermodynamically preferred. This result is in contrast to the one obtained when one puts a Maxwell field and charged scalar field in the soliton background (rather than obtain them by Kaluza-Klein reduction). In that case, there is a continuous phase transition which turns on the scalar field as one increases the chemical potential. We discuss a likely explanation for the different behavior.
This paper is organized as follows. In section two the linearized metric perturbations of the AdS soliton are reviewed and the perturbative construction of the geons is described. In section three holographic superconductors based on the AdS soliton background are briefly reviewed, and the possibility that the dimensionally reduced geons could describe d-wave superconductors is considered.
Geons Built from the AdS Soliton

Linearized Metric Perturbations
We study five-dimensional gravity described by the simple action
where we have set 16πG = 1. The AdS soliton is a solution of the above action with line element
This solution can be obtained from the planar black hole via a double Wick rotation. The geometry smoothly caps off at r = r 0 if theỹ-coordinate is chosen to be periodic with period πL 2 /r 0 . The conformal boundary is the direct product of three-dimensional Minkowski spacetime with a circle,
Throughout this paper we work in perturbation theory around the background of the AdS soliton. For this purpose an expansion parameter is introduced and the metric is expanded as
where g
AB is the AdS soliton metric. Since the Einstein equations will need to be solved numerically, it will be useful to work with a compactified radial coordinate and to scale the dimensionful constants out of the metric. The background line element then becomes
The circle coordinate has been rescaled so that y ∼ y + 2π. The radial coordinate takes values in the range z ∈ [0, 1]. The conformal boundary is at z = 0 and the tip is located at z = 1. Next, we briefly review linearized metric perturbations of the AdS soliton background. A comprehensive treatment may be found in [14] . The perturbations are decomposed into scalar, vector, and tensor types according to their transformation properties under the SO(1, 2) Lorentz symmetry of the soliton. We shall focus on tensor perturbations, which can be parametrized as
Here q ∈ Z and ε AB is a polarization tensor. In five-dimensions, there are two independent polarizations, ε x 1 x 2 = 1, all other components zero, (2.6)
With the above ansatz for the metric perturbation, the Einstein equations reduce to a single second order ODE for the function H(z). Requiring that the perturbation be regular at the tip and normalizable at the boundary yields a Sturm-Liouville eigenvalue problem. Solutions only exist for a discrete set of frequencies ω ∈ R. These solutions are the normal modes and the ω are the normal mode frequencies. The tensor perturbations may therefore be characterized by two integers, the radial overtone number and the momentum q.
The perturbation breaks some, but not all, of the symmetries of the background. Translational invariance in the t and y directions is broken, but the perturbation remains invariant under the helical Killing field K = ∂ t + (ω/q)∂ y . Since ω > 2q, this Killing field is timelike near the tip and spacelike near the boundary. The perturbation also remains invariant under translations in the x 1 , x 2 directions and under the combined discrete operations of t → −t and y → −y.
Perturbative Construction of Geons
We now extend the study of the previous section to higher orders in perturbation theory. We will call the resulting metrics geons as they are solutions describing nonlinear, non-dispersing concentrations of gravitational waves. The structure of the perturbative construction is very similar to Gubser's study of the non-uniform black string [15] . For every distinct linear perturbation there should exist a corresponding one-parameter family of geons, g AB ( ), with symmetries similar to those of the linearized mode. The expansion parameter will be chosen so that the momentum of the geon is P = 2 V 2 , where V 2 is the coordinate volume of the x 1 -x 2 plane, although other choices are also possible. The metric ansatz is
This ansatz corresponds to a geon seeded by a tensor perturbation with polarization (2.6). Here A through H are functions of the coordinates z, t, and y, as well as the expansion parameter . Periodicity of the circle coordinate implies that the y-dependence of these functions will be organized into a Fourier series, while the existence of the helical Killing vector implies that the functions will depend on y and t only through the combination (qy − ωt). Thus the expansions for A through E take the form 9) while the expansions for F and G take the form
Whether a given metric function is written as a sum of sines or cosines is determined by requiring that the line element be invariant under the discrete symmetry (y, t) → (−y, −t). The amplitude of each Fourier mode may also be expanded in powers of . The expansions for A 2n through G 2n take the form
The structure of the perturbative equations dictates that only even Fourier modes and even powers of appear in the above expansions. The function H differs from functions A through G because it seeds the geon. It is expanded in odd Fourier modes and in odd powers of ,
(2.12) Note that although an infinite number of Fourier modes will be needed to describe the solution, the higher modes only enter at higher orders in perturbation theory.
When constructing geons in global AdS, there was a potential problem due to resonances. Since all the normal mode frequencies were integer multiples of the lowest one, there were resonances at higher orders in the perturbative construction which threatened to introduce growing modes into the solution. It was found however, that this could be avoided by letting ω depend on , provided one starts with individual graviton modes [3] .
The normal mode frequencies in the AdS soliton are not integer multiples of each other, so there are no exact resonances. Nevertheless ω still depends on for the following reason: recall that for the linearized perturbation, the value of ω was determined by requiring that H(z) be regular at the tip and normalizable at the boundary. This linear perturbation then seeds the nonlinear geon, and is relabelled H (0) 1 (z). At second order, the background geometry is altered, and at third order, the original seed Fourier mode is corrected because the function H 1 (z) to be both regular and normalizable, therefore ω must also be corrected. These corrections will be determined from odd orders in perturbation theory, but the corrections to ω will be in even powers of ,
The geon is not invariant under the action of the vectors ∂ t or ∂ y individually, but these are asymptotic Killing vectors and therefore the geon will carry the corresponding conserved charges of energy and momentum. These charges also have an expansion in even powers of ,
(2.14)
In the above expansions, appears as a formal expansion parameter. In order to relate the expansion parameter to a physical quantity, we define to make P ( ) = 2 V 2 . At each order in perturbation theory the Einstein equations reduce to a set of coupled ODE's. The first order equations are homogeneous, while all the higher order equations have inhomogeneous source terms consisting of powers of the lower order functions and their derivatives. We choose boundary conditions that enforce regularity at the tip and leave the boundary metric unchanged. We also fix the periodicity of the circle to be 2π.
We numerically solved the perturbative hierarchy of Einstein's equations to third order. The energy and momentum were obtained using the AdS stress tensor formalism of Ref. [16] . We find that the geon has larger energy than the background, E 2 > 0, in accord with the positive energy conjecture [6] . As a numerical check, we verified that the solutions obey the first law of thermodynamics to O( 4 ). Since there are no horizons (and hence no entropy) and the solution is invariant under ∂ t + ω/q ∂ y , this is simply [17] 
We also checked that the boundary stress tensor is traceless. Odd-dimensional asymptotically locally AdS spacetimes may have a conformal anomaly, but not when the boundary is Ricci flat, as it is for these geons. Since there are no exact resonances, there should be no obstructions to extending the perturbative solution to all orders and constructing a one parameter family of exact solutions for each linearized mode. For later reference, we now consider how the frequency changes with the Kaluza-Klein excitation q: ω(q) = ω 0 (q) + ω 2 (q) 2 + O( 4 ). For large q, one finds ω 0 → 2q. This is a simple consequence of the fact that as q → ∞, the support of the first order normal mode becomes both squeezed (in the coordinate z) and pushed further away from the tip (see Fig. 1 ). For arbitrarily large q, the normal mode is effectively localized on the boundary, and so its equation of motion becomes that of a massless scalar field on M 3 × S 1 . This leads to the dispersion relation ω 0 = 2q. The factor of 2 arises from the fact that the y coordinate has been rescaled to make its period 2π. As discussed above, the second order term in the frequency expansion, ω 2 , is found by requiring that the function H (2) 1 (z) be regular at the tip and normalizable at the boundary. The result is always negative (see Fig. 2 ). With our choice of expansion parameter, P = 2 V 2 , the second order change asymptotes to 0 as q → ∞. This is simply a reflection of the fact that as q gets larger, the amplitude of the linearized perturbation must decrease to maintain a fixed P . Thus the second order backreaction becomes smaller and hence there is a smaller change in the frequency. The fact that ω 2 < 0 will play an important role in the next section. The global AdS geons also had ω 2 < 0 [3] . Figure 2 : Plot of the second order change in frequency, ω 2 (q). For all q studied, ω 2 < 0. Normalization is fixed so that P = 2 V 2 is constant.
Geons and Holographic Superconductors 3.1 AdS Soliton Superconductors
In this section we briefly review the holographic superconductor in the AdS soliton background [7, 8] . This system has many features in common with the dimensionally reduced geons, and the review will be useful when we investigate the possibility that geons could model holographic superconductors. We also present a simple characterization of the superconducting phase transition and show that it is not caused by a linear instability towards scalar condensation.
Consider the Einstein-Maxwell-scalar theory defined by the following action
The possibility that this theory could describe a T = 0 insulator/superconductor phase transition in the background geometry of the AdS soliton was first considered in Ref. [7] . They worked in the probe limit in which the backreaction of the metric is neglected but the nonlinearities of the Maxwell and scalar fields is preserved. A superconducting phase transition was found to occur as the chemical potential µ was increased from zero to some critical value, µ c . Then [8] considered the full backreaction and found the complete phase diagram. Both groups either explicitly or implicitly considered the following ansatz for the matter fields
As a result of gauge invariance, the equations of motion are invariant under the transformation φ → φ + C, ω → ω − qC, where C is a constant. In both papers C was chosen to set ω = 0. Since the chemical potential is defined to be the leading term in the near-boundary expansion of the gauge field, φ = µ − ρ/2r 2 + O(r −4 ), this corresponds to a choice of chemical potential. The critical chemical potential found in the probe limit in Ref. [7] simply corresponds to the smallest normal mode frequency of a charged scalar field in the AdS soliton background (divided by the charge q). To see this, consider the system in the probe limit right at the critical point, φ = µ c . The Maxwell field is pure gauge, and the scalar field is negligibly small, so the equations of motion reduce to a single linear ODE for the static scalar field Ψ = ψ(r). By using the above symmetry this field configuration can be transformed to φ = 0, Ψ = ψ(r) exp(−iqµ c t). The φ equation of motion is trivially satisfied, and the ψ equation is identical to that determining the normal modes, except with ω → qµ c . So the determination of µ c is equivalent to the problem of finding the normal mode frequencies of a scalar field in the AdS soliton background. This connection between the critical chemical potentials and the normal mode frequencies was first discussed in [18] .
There is a crucial difference between the superconducting phase in the AdS soliton background and the original holographic superconductor based on the Schwarzschild AdS solution [9] . In the latter case, below a critical temperature, the black hole becomes unstable to forming charged scalar hair. In the AdS soliton there is no instability for any value of the chemical potential. Instead, the insulator/superconductor phase transition reflects which configuration has lower free energy and hence dominates a grand canonical ensemble. If there were an unstable linearized mode growing exponentially in time for some φ = µ > µ c , then the above shift symmetry could be used to set φ = 0 at the cost of shifting the real part of ω. This shift would not affect the exponentially growing behaviour of the mode, so it would therefore be an unstable perturbation of the AdS soliton. But it is known that the AdS soliton is stable to linearized perturbations of both the metric and a free massless scalar field [6, 14] . So such a growing linearized mode cannot exist, and the appearance of a new branch of static solutions (the superconducting condensates) is not related to any linear instability.
Holographic Dual of the Geons
We now investigate the possibility that the dimensional reduction of the geons could model a holographic superconductor. Recall the standard Kaluza-Klein reduction of a five dimensional metric with a U (1) symmetry. One can write the metric in the form
where x a = (r, x µ ) and the functions depend on the x a coordinates only. This parametrization leads to a four-dimensional Einstein-Maxwell-dilaton theory in the Einstein frame. The off-diagonal part of the metric, A a , is interpreted as a Maxwell field. Five-dimensional coordinate transformations of the form y → y + λ(x) correspond to four-dimensional gauge transformations,
The AdS soliton can, of course, be written in the above form 3 with A a = 0. A simple fivedimensional coordinate transformation y → y + µt generates a nonzero gauge field A t = µ. If there is a phase transition to forming the geon at a critical value µ = µ c , then near µ c the amplitude of the geon will be small and it can be approximated by the leading O( ) correction to the metric (2.5). When µ = ω/q (where ω is the frequency of the linearized graviton mode) the dimensional reduction of this mode corresponds to a static, charged spin-2 field. In the dual boundary theory, this corresponds to turning on a charged spin-2 condensate O x 1 x 2 . Since the AdS soliton is stable to linearized metric perturbations, the appearance of this new branch of static solutions is analogous to turning on the superconducting condensate in Ref.'s [7, 8] ; in neither case is the condensation the result of a linearized instability.
The key question is whether the condensate has lower free energy than the original state with no condensate. To compute this, one needs to construct the geon to higher order as we have done in the previous section. Consider the five-dimensional theory in the zero temperature grand canonical ensemble. The relevant free energy functional is the Gibbs free energy, which, in the absence of any black hole horizons or true five-dimensional Maxwell fields, takes the form G = E − (ω/q)P . Making use of the first law (2.15), the Gibbs free energy obeys
Since P 2 > 0, the sign of the free energy depends on the sign of ω 2 , which we have found is always negative (see Fig. 2 ). Therefore, at least in perturbation theory, the geon will always have a larger free energy than the AdS soliton. Since the free energy is unaffected by dimensional reduction, we conclude that the spin-2 condensate will also have a larger free energy than the field theory state with no condensate. This result spoils the hope that the perturbative geon could model a d-wave superconductor.
What is the key difference between this case and the earlier result that there is a phase transition when the Maxwell field and charged scalar field are added to the five dimensional action? The most likely explanation is that when a charged scalar is added, one can increase the charge q keeping the mass fixed, while in the Kaluza-Klein case, increasing q also increases the effective mass in the four dimensional theory. Indeed, it was shown in [8] that for m 2 = −15/4 and q = 1 the free energy increases when the scalar turns on. It decreases only for larger q (with the same m). However, even for q = 1, it turns out that as the amplitude of the scalar field increases, the change in free energy eventually becomes negative and there is a first order phase transition [8] .
It remains possible that the exact geon solutions will behave like the q = 1 charged scalar. However, even if the change in free energy eventually becomes negative, the condensate will not be pure spin-2. From the structure of the perturbative Einstein equations, it is clear that the first order seed perturbation H (0) 1 (z) sources an infinite number of higher Fourier modes, and that the higher order perturbations are complicated combinations of scalar, vector, and tensor modes. Therefore, the corresponding state in the dual field theory is a nonlinear combination of spin-0, 1, and 2 condensates of various charges. This is conveniently described in terms of T µν . Since the metric is the only nonzero bulk field in five dimensions, the only dual operator with a nonzero expectation value is the (traceless) stress tensor. The Maxwell field on the boundary arises from Kaluza-Klein reduction of the (fixed) boundary metric.
To summarize, we have perturbatively constructed a class of geons in the background geometry of the AdS soliton to third order. We only considered geons seeded by tensor perturbations; vector and scalar perturbations would lead to different classes of geons. These solutions have an exact helical Killing vector K = ∂ t + (ω/q)∂ y . We considered the dimensional reduction of the geons and found some features suggestive of d-wave superconductors. However, these geons do not provide a gravitational dual of a continuous phase transition to a superconductor.
We have also seen that the previously studied phase transition in the AdS soliton is not the result of a linear instability. The dimensionally reduced spin-2 condensate we construct is also not the result of a linear instability. Perhaps the Kaluza-Klein approach towards holographic superconductivity would be more successful if the gravitational background became linearly unstable to a metric perturbation as some control parameter is varied. This possibility deserves further investigation.
